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Effect of Thermomechanical Coupling
on the Response of Elastic Solids

A. M. Amin* and R. L. Sierakowskit
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Introduction

HIS Note treats a condition that arises when a solid body

is subjected to a highly transient heating or cooling, some-
times referred to as ‘‘thermal shock’’ exposure. The phenome-
non is of greatest significance for completely elastic or ‘‘brit-
tle’’ materials, where it may produce material fracture. Many
high temperature materials such as ceramics and intermetallics
fall into this category.

Thermal response of elastic solids is always accompanied by
two important phenomena; the coupling between the thermal
and mechanical energy and the inertia effects. A few problems
have been solved to show their effects on the stress and the
temperature distributions of isotropic solids subjected to ther-
mal loads. However, one can investigate the reasonableness of
neglecting these effects by comparing exact and approximate
solutions to a specific problem. Some classical discussions of
thermomechanical coupling include Mindlin and Goodman,!
Boley,? and Soler and Brull.? Recently, Bahar and Hetnarski*
extended their transfer matrix approach to deal with the cou-
pled thermoelasticity of a layered medium. Additionally,
Takeuti and Tsuju® considered the coupling effect when they
analyzed the thermoelasticity problem of a plate heated by
linear heat sources on both surfaces. They found that consider-
ing the coupling terms results in a delay in the progress of
temperature distribution, a decrease in the value of the maxi-
mum temperature, and a narrower shape of the curve com-
pared with neglecting the coupling effect. Further, there was a
9% increase in the thermal stresses for the case studied and a
delay in the progress of the thermal stress distribution and the
position of its maximum value with an increase in time. Other
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relevant recent studies include Takeuti and Furkawa® and
Takeuti and Tanigawa.” The finite-element method was first
applied to a coupled thermoelasticity problem by Chen and
Ghoneim.? Results obtained? indicate that, under a high rate of
loading, the coupling term should not be ignored as it could
cause temperature fluctuations of the order of 5 to 10%.

The present Technical Note focuses on the effect of the
thermomechanical coupling on the thermal response of an
isotropic beam subjected to a nonuniform temperature. An
analytical technique based on an eigenfunction method has
been used to obtain the stress and the temperature distribu-
tions using the coupled thermoelasticity theory. Different
comparisons have been made between the present solutions
and those obtained by the classical uncoupled quasistatic ther-
moelasticity theory.

Analysis
Using energy principles, one can obtain the following equa-

tion for an elastic linear solid subjected to a temperature
change:

KT + pr = pc.T + Tocijronaesy 1

where p, ¢,, Ty, 1, cjji/, and oy, are mass density, specific heat,
reference temperature, heat supply per unit mass, the compli-
ance tensor, and the expansion coefficient vector, and Kj;, T,
and é,»j are the thermal conductivity tensor, the temperature,
and the strain-rate tensor respectively. For isotropic materials,
Eq. (1) takes the familiar form

KT + or = pc.T + a3\ + 2p)Toe @

The appearance of the mechanical coupling term in the gen-
eral thermoelastic problem can be interpreted as if an external
action produces some variation of strains within the structural
element. The equation shows that these strains are accompa-
nied by variations in temperature and consequently by a flow
of heat. Similarly, if the structure is subjected to a nonuniform
temperature, the coupling term indicates that the way the
structural element deforms due to this thermal exposure af-
fects the temperature distribution.

Equation (2) and the following equilibrium equation com-
pose the two governing differential equations for any thermal
elastic problem

oy, +fi = pil;, (3)

Where o f, and u are the stress tensor, the body force, and
the displacement respectively. If the coupled quasistatic theory
is used to solve the thermal-elastic problem, the deformations
(or stresses) and temperature distributions are determined si-
multaneously by solving Egs. (2) and (3). When the coupling
term [the last term in Eq. (2)] is neglected, the problem sepa-
rates into two distinct equations to be solved consecutively: the
first (heat conduction problem) to determine the temperature
distribution, and the second (elasticity problem) to determine
the deformations.

Now, consider a beam bounded by the planes y = 4 and
¥ = + h. The surface y = — h is insulated, and the surface
y = + his exposed to a constant heat input g for £ >0. The
following assumptions are made.

1) The material of the beam is isotropic and obeys the
restrictions of linear elasticity theory.

2) Mechanical and thermal properties remain unchanged
with respect to temperature and time.

3) The plane-stress assumption holds; 6;; = 0,7 = x,y, and
z.
4) For L>>b, 2h, the semi-inverse assumption holds,
ie., T =T(), Vxx = 6, (y), and 0,, = 0, = 0.

5) The dynamic effect on the thermal response is neglected
(i.e., the inertia term in the equilibrium equation).
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The solution for the uncoupled quasistatic theory is avail- for T can be obtained satisfying the following initial and
able in any heat conduction textbook and is given as follows: boundary conditions as well as the requirement of the zero
stress resultants on the surfaces

* * 4k * 1 * * 1 6 T aT
T*(y* ") =t +5(yz+y)—2— Tw,00=0, —(—h,)=0, andk— (+h1)=0 (7)

A dy dy

= 2(— 1) 1 .
Yy (—2——)— cosnw(y* + E)e - nt 4) n A
n=1 RN°“®2 S o'xxdy = 0, S axxydy =0 (8)
~h —n

©

. »* .
Gxx(y*’t*)= —T* 4 ¢t* +—2—+48y* E 4 4e—n1rt (5) O UNCOUPLED THEORY & COUPLED THEORY

n=even T o / /

.50

k . &
where T*=—T, Oy = L—aﬁ o / /
2hg 2hg oE
._k LY - /
t* = ?471—2 t, and y* = EZ f;— /

When the coupled thermoelastic theory is used instead, the
general thermoelastic problem will reduce to

#T  aT 3 : .
kW:pCeE +0‘(3)\+2H’)TOE (exx + €y +Ezz) (6) ] t 0.1
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Fig. 1 The variation of stress and temperature with time. Fig. 2 Progress of temperature profiles.
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Then, the solution for the coupled problem will be as follows:
1
T*(y*, t*) — At*_z_ (y*z +y*)

‘L oo (__l)n

~55 L S cosznmyte ©)
n=1

. y* 1

)= =T+ At* +— + — 10

O (%, 1%) >t (10
where A=p—ce

4n212pc,
Yn

T pc + 222(1 + NG + 20T,

Discussion

If the reference temperature is taken to zero, A =1 and
vn = 47?12, and consequently the results become material in-
dependent. Different comparisons between the coupled and
the uncoupled theories for the stress and temperature have
been made, and the following observations were made.

1) The uncoupled theory gives temperatures different than
that of the coupled theory by up to 20%. The difference be-
comes constant as ¢* approaches 0.36 (see Fig. 1).

2) It appears that the material reaches equilibrium at a
time #* between 0.2 and 0.3. After that time, the difference
between the two theories is constant. Before that time, as time
increases, the difference decreases, and the uncoupled theory
underestimates the temperature (see Fig. 2).

3) Stress history and stress distribution over the beam
depth for both theories coincide with each other as ¢*>0.1.
Before that time, the uncoupled theory is more conservative
than the coupled theory (see Figs. 1 and 3).

4) Stress distributions of the two theories approach each
other faster than temperature distributions do. Stresses be-
come identical as ¢* >0.3 (see Figs. 2 and 3).

Conclusions

Calculations on a simple heated beam illustrate the impor-
tance of properly accounting for thermomechanical coupling
in computing the response of elastic solids subjected to abrupt
heating. The calculations indicate that beams of elastic
isotropic solids reach equilibrium faster than the use of uncou-
pled theory would predict. Furthermore, use of the uncoupled
theory overestimates the thermal stresses present before equi-
librium is reached. Consequently, the reasonableness of ne-
glecting this coupling effect in thermoelasticity problems needs
to be examined, and more attention needs to be given in cases
of nonuniform thermal exposure and sudden high-intensity
surface heating, such as due to fire or laser effects.
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Stiffness-Matrix Condition Number
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Introduction

OR static response, the condition number of the stiffness
matrix is an upper bound to the amplification of errors in
structural properties and loads. However, even though typical
stiffness matrices have condition numbers larger than one mil-
lion, we do not expect that errors or variations in the structure
or loads would be amplified so much. The present Note seeks
to explain why in most cases our expectation is fulfilled. It also
presents an example of a case associated with shape sensitivity
analysis where the worst-case scenario predicted by the condi-
tion number is much closer to the actual error amplification.
A criterion is proposed that is closer to the actual error magni-
fication than the condition number.
Consider the discretized equations of equilibrium of static
response such as those generated by a finite-element model

Ku=f 169
where K is the n X n symmetric, positive, definite, stiffness

matrix, u the displacement vector, and f the load vector. The
condition number of K, c(K) is defined as

cKy=|I&|l Itx | @
when the 2-norm is used

c(K) =N, /N 3)
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where \; denotes the ith eigenvalue of K. It is well known (e.g.,
see Ref. 1) that ¢(K) is an upper bound on the sensitivity of u«
to perturbations in K and f. That is, if we perturb by Af then

| Aull VA
= c(K) 1G]
[l 1
and if we perturb K by AK then
I Au] | AK ]|
= c(K) (5)
llu + Aul| &l

The condition number for most stiffness matrices generated by
finite-element models runs into the millions. This would ap-
pear to indicate that the computed displacement field can be
extremely sensitive to small errors in the stiffness matrix and
force vectors. In spite of this theoretical sensitivity, we con-
tinue to approximate the stiffness matrix (e.g., by reduced
integration) and the force vector (e.g., lumping loads) without
fear of the huge amplification of errors predicted by the condi-
tion number. It is known, in fact, that the condition number
may be an overly conservative estimate of error sensitivity.?

The condition number is particularly overconservative for
predicting sensitivity to changes in the load vector. For a given
K and f, it is always possible to find a AK to make Eq. (5) an
equality. Also, c{K) can be a good predictor of roundoff error
amplification so that if the condition number is 10”7 and we
work with 7-digit numbers, the errors in # can be very large. In
the following it is assumed that the number of digits available
for computation is much larger than the condition number (a
typical case in finite-element computation is ¢(K) = 107 with
15-digit computations). However, it is not usually possible to
find a Af to make Eq. (4) an equality.? The present Note
derives a sharper estimate for sensitivity to load errors. It also
presents a case where the extreme sensitivity predicted by the
condition number is more closely realized.

Error Analysis

Let the eigenvectors of K be denoted as u;, i = 1,...,n nor-
malized to ||u;||= 1 with \; being the corresponding eigenval-
ues. We expand the load vector in terms of the eigenvectors as

f= 4;0@“:‘ (6)
and similarly the perturbation or error in the load as
n
af = ¥ A ™
i=1
It is then easy to check that u# can be obtained as
u= E (ot / N)y; 3

with a similar expansion for Au. The error amplification fac-
tor e is defined as

A A
, 2wl a7 o
| aull {1l
Using the orthonormality of the eigenvectors we get
n 2 2 n 2
, B A /N)ER 1) (10)

e =
(T 107 AT 180)

It is easy to check that the worst case is when the perturbation
is in the shape of the first eigenvector, Af = Aa;u, so that an
upper bound on e, called here the error magnification index



